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Abstract 

We describe the C*-algebras of the Heisenberg group n > 1, and the thread-hke 
Lie groups Gn, TV > 3, in terms of C*-algebras of operator fields. 

1 Introduction and notation 



(N 
< 

q 

I Let Hn be the Heisenberg group of dimension 2n + 1. It has been known for a long time that 

^ ' the C*-algebra, C*{Hn), of Hn is an extension of an ideal J isomorphic to Co(M*,/C) with 

the quotient algebra isomorphic to where /C is the C*-algebra of compact operators 

on a separable Hilbert space, M* = M \ {0} and Cq{M*,IC) is the C*-algebra of continuous 
functions vanishing at infinity from M* to JC. 
. We obtain an exact characterisation of this extension giving a linear mapping from C*(M^") 

O i to C*{Hn)/ J which is a cross section of the quotient mapping i : C*{Hn) C* (Hn) / J ■ More 

'nI" ■ precisely, realizing C*{Hn) as a C*-subalgebra of the C*-algebra !Fn of all operator fields 

(F = F{X))xm taking values in /C for A G R* and in C*(R2'^) for A = 0, norm continuous on 
M* and vanishing as A — > oo, we construct a linear map v from C*{'S?^) to J-n, such that the 
^ ' C*-subalgebra is isomorphic to the C*-algebra Dy{Hn) of all (F = F(A))a6R ^ such that 

o ■ 

||F(A)-Ki^(0))||op^O, 

^ ' where 11 • 1 1 op is the operator norm on /C. The constructed mapping u is an almost homomor- 

^ I II II ^ 

■ phism in the sense that 

hm \Hf ■ h){X) - v{f){X) o u{h){X)U = 0. 

A — >U 

Moreover, any such almost homomorphism r : C*{E?) J-n defines a C*-algebra, D-r^Hn), 
which is an extension of Co(M*, /C) by C*(M2"). A question we left unanswered : what mappings 
r give the C*-algebras which are isomorphic to C* We note that the condition 



lim ||r(/i)(A)j|op = ||/i||c*(R2n), for all /i G C* 

A — >0 



t,2n\ 



which is equivalent to the condition that the topologies of DriHn) and that of C*{Hn) agree, 
is not the right condition: there are examples of splitting extensions of type Dr^Hn) with the 
same spectrum as C*{Hn) (see pJe] and Example I2.23P while it is known that C*{Hn) is a 
non-splitting extension. 

We note that another characterisation of C*{Hn) as a C*-algebra of operator fields is given 
without proof in a short paper by Gorbachev [Got]. 
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The second part of the paper deals with the C*-algebra of thread-hke Lie groups Gn, N > 3. 
The group G3 is the Heisenberg group of dimension 3 treated in the first part of the paper. 
The groups are nilpotent Lie groups and their unitary representations can be described 
using the Kirillov orbit method. The topology of the dual space G^ has been investigated in 
details in |ALSj . In particular, it was shown that like for the Heisenberg group G3 the topology 
of Gat, > 3 is not Hausdorff. It is known that G3 = M* UR^ as a set with natural topology 
on each pieces, the limit set when A € M* goes to is the whole real plane M^. The topology 
of Gn, becomes more complicated with growth of the dimension N. Using a description of 
the limit sets of converging sequences (vr^) E Gat obtained in |AKLSSj and |ALS| we give 
a characterisation of the C*-algebra of Gn in the spirit of one for the Heisenberg group 
Hn- Namely, parametrising Gat by a set Sf^^ U E?, where consists of element ^ G 
corresponding to non-characters (here qn is the Lie algebra of Gn), we realize C*{Gn) as 
a G*-algebra of operator fields {A = A{e)) on 5^^" U {0}, such that A{e) £ )C, £ e 5^'", 
^(0) G C*(]R^) and {A = A{£)) satisfy for each converging sequence in the dual space the 
generic, the character and the infinity conditions (see Definition 13. 12p . 

We shall use the following notation. LP(M") denote the space of (almost everywhere equiv- 
alence classes) p-integrable functions for p = 1,2 with norm |[ • ||p. By |[/||oo we denote the 
supremum norm sup^.^^^ 1/(3^)1 of a continuous function / vanishing at infinity from a locally 
compact space il. to C. X'(R"') is the space of complex-valued G°° functions with compact 
support and 5(M"') is the space of Schwartz functions, i.e. rapidly decreasing complex-valued 
C°° functions on W\ The space of Schwartz functions on the groups Hn and Gn (see |CG] ) 
will be denoted by S{Hn) and S{Gn) respectively. We use the usual notation B{H) for the 
space of all linear bounded operators on a Hilbert space H with the operator norm |[ • ||op. 

Keywords. Heisenberg group, thread-like Lie group, unitary representation, G*-algebra. 

2000 Mathematics Subject Classification: 22D25, 22E27, 46L05. 

2 The C*-algebra of the Heisenberg group Hn 

Let Hn be the 2n + 1 dimensional Heisenberg group, which is defined as to be the Lie group 
whose underlying variety is the vector space x x M and on which the multiplication is 
given by 

(x, y, t){x', y', t') = {x + x',y + y',t + t' + -{x-y' -x' ■ y)), 

where x ■ y = xiyi + • • • + a^nl/n denotes the Euclidean scalar product on M". The center of 
Hn is the subgroup Z := {0„} x {0„} x M and the commutator subgroup [Hn,Hn] of Hn is 
given by [Hn, Hn] = Z. The Lie algebra g of Hn has the basis 

S : = {X„ y„ j = 1 • • • , n, Z = (0„ , On , 1) } , 

where Xj = (cj, 0^, 0), Y^- = (0„,ej,0),j = I,-- - ,n and ej is the j'th canonical basis vector 
of M", with the non trivial brackets 

[Xi, Yj] = 5ijZ. 
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2.1 The unitary dual of Hn- 

The unitary dual Hn of Hn can be described as follows. 

2.1.1 The infinite dimensional irreducible representations 

For every A G M*, there exists a unitary representation ttx of on the Hilbert space L^(R"), 
which is given by the formula 

TTxix, y, ms) := e-2-^*-2-t-^+2-^-^e(5 - x), s G M^ ^ G L\R^), {x, y, t) G F„. 

It is easily seen that vr^ is in fact irreducible and that ttx is equivalent to iii, if and only if 
X = u. 

The representation nx is equivalent to the induced representation rx '■= indp"XA5 where 
P = {On} X M" X M is a polarization at the linear functional ixiix,y,t)) := At, {x,y,t) £ q 
and where x\ is the character of P defined by Xx{^n,y,t) = e"^'^*'^*. 

The theorem of Stone- Von Neumann tells us that every infinite dimensional unitary repre- 
sentation of Hn is equivalent to one of the ttxs. (see |CG] ). 

2.1.2 The finite dimensional irreducible representations 

Since is nilpotent, every irreducible finite dimensional representation of Hn is one- 
dimensional, by Lie's theorem. 

Any one-dimensional representation is a unitary character Xa,b, {o,,b) G M" x R", of Hn, which 
is given by 

For / G L\Hn), let 

/(a, b) := XaM) = I /(^, t)e-^^'^- '^+y'Uxdydt, a, b G R\ 

and 

||/||oo,0 := sup |Xa,6(/)| = ||/||oo- 

2.2 The topology of CHHn) 

Let C*{Hn) denote the full C*-algebra of We recah that C*{Hn) is obtained by the 
completion of L^{Hn) with respect to the norm 

ll/llc*(i?„) = supll j f{x,y,t)TT{x,y,t)dxdydt\\op, 

where the supremum is taken over all unitary representations tt of H^- 
Definition 2.1. Let 

p = indf"l 

be the left regular representation of Gat on the Hilbert space L'^{Gn/2). Then the image 
p{C* {Hn)) is just the C*-algebra of M^" considered as an algebra of convolution operators on 
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L^(R^'*) and p{C*{Hn)) is isomorphic to the algebra Co(M^") of continuous functions vanishing 
at infinity on R^" via the Fourier transform. For / G L^{Hn) we have p{f){a,b) = /(a, 6,0), 
a, be W. 

Definition 2.2. Define for C*{Hn) the Fourier transform F{c) of c by 

F(c)(A) := ^x{c) G S(L2(M")), A G M* 

and 



F(c)(0) :=p(c)GC 



* /'Tn)2n\ 



2.2.1 Behavior on 



As for the topology of the dual space, it is well known that [tta] tends to [tTi] in if and 
only if A tends to v in R*, where [vr] denotes the unitary equivalence class of the unitary 
representation tt. Furthermore, if A tends to 0, then the representations tt\ converge in the 
dual space topology to all the characters Xa,b^ a,b e M". 

Let us compute for / G L^{Hn) the operator Trx{f). We have for ^ G L^(R"') and s G R" that 

7rA(/)C(s) = / f{x,y,t)Trxix,y,t)$,{s)dxdydt 

= / /(x, y, t)e-2'^^^*-2#^-2/+2Tas.j/^(g _ x)dxdydt 

(2.1) = / f{s-x,y,t)e-'^'^'^*-^^'-''>y+'^'''^'-y^{x)dxdydt 

JR"xM"xR 

= / p'\s-x,-^{s + x),X)i{x)dx. 



Here 



tx. A) = / /(s, J/, t)e-2-(^-«+^*)dydt, (s, ^, A) G R" 



denotes the partial Fourier transform of / in the variables y and t. 
Hence 7T\{f) is a kernel operator with kernel 

(2.2) f^^s,x):=P'^{s-x,~{s + x),X), s,xGR". 

If we take now a Schwartz-functions / G S{Hn), then the operator TT\{f) is Hilbert-Schmidt 
and its Hilbert-Schmidt norm ||7rA(/)l|H.s. is given by 



(2.3) lkA(/)||is. = / \fx{s,x)fdxds= f \P'\s,Xx,\)\^dsdx 



< GO. 



Proposition 2.3. For any c G C*{Hn) and AG M*, i/ie operator 'K\{c) is compact , the 
mapping R* B{L?{Mr')) : A i-^- 'K\{c) is norm continuous and tending to for A going to 
infinity. 
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Proof. Indeed, for / € S{Hn), the compactness of the operator '7Tx{f) is a consequence of (|2.3p 
and by (j2.ip we have the estimate: 



iTTxiD-MDfH.S = I \P^'is-X,-^{s + x),X)-P'\s-X,-'^is + x),u)\'dsdx 



\r'-\s, Xx, A) - r'-'{s, ux, v)\^dsdx 

Hence, since / is a Schwartz function, this expression goes to if A tends to v by Lebesgue's 
theorem of dominated convergence. Therefore the mapping A i— > T^\{f) is norm continuous. 
Furthermore, the Hilbert-Schmidt norms of the operators TT\{f) go to 0, when A tends to 
infinity. The proposition follows from the density of S{Hn) in C*{Hn). □ 

2.2.2 Behavior in 

Let us now see the behavior of T^\{f) for Schwartz functions / G S{Hn), as A tends to 0. 
Choose a Schwartz-function rj in 4S(M"') with L^-norm equal to 1. For u = (a, b) in xM", A G 
M*, we define the function ri{X,a,b) by 

(2.4) rj{X,a,b){s) := \X\''/^e'^'''^-'r){\X\^/\s + ^)) s € R". 

A 

and let r]x{s) = \X\''/^ri{\X\^/^s), s G M". 
Let us compute 

cx,u,u'{x,y,t) = {irx{x,y,t)r]{X,u),r]{X,u')) 

-2niXt-2ni{\/2)x-y^2ni\s-y^f^^^ _ x)7]{X, u'){s)ds 

\n/2 —2iTi\t—2TTi{X/2)x-y I 2TTiXs-y—2TTia-x 2iTi{a—a')-s 



(2.5) ^(|A|V2(,_^ + ^))^(|A|i/2(, + ^))<i, 



m/2^—2TTiXt~2iTi(\/2)x-y^—2TTib-y^—2iTia-x j ^2TriXs-y ^2iTi{a—a')-{s— 



7/(|A|V2(s _ x)r/(|A|V2(s + ^-—^))ds. 

X 

Hence for u = u' we get 

CA,«,«(a:,y,t) = e-2^^^*-2'^^^^-?'e-2™-^-2^*2' /" e'^''''^'''S''^^\^\'^^'-yr]{s - \X\^/^x)'^ds 

JR" 

^ ^-2nia-x-2nib-y f ^(s);^^^^ = e-2™-^-2^*b-S/_ 



It follows also that the convergence of the coefficients c\^u,u to the characters Xa,b is uniform 
in u and uniform on compacta in {x,y,t) since 

\cx,u,u{^,y,t)-XaA^,y,t)\ = \l (e-2-^™^-^e2-(^is'^^)l^l'''-^ 



?7(s - \X\^/^x)i]{s) - \ri{s)\^)ds\ 
as A ^ 0. 
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Proposition 2.4. For every u = {a,b) G x M",c € C*{Hn), we have that 



lim \\F{c){\)r]{\u) - F(c)(0)('u)r?(A,n)||2 = 



uniformly in {a,b). 



Proof. For c G C*{Hn) we have that 

||F(c)(A)77(A,n) -F(5(0)(n)r?(A,7x)||2 = ||7rA(c)??(A, n) - Xa,fe(c)r?(A, n)||i 



2 _ 



{■Kx{c)ri{\u) - Xa,b{c)r]{X,u),iTx{c)r]{X,u) - Xa,b{c)r](X,u)) 



{■Kxic* * c)r]{X,u),r]{X,u)) - Xa,b{c){7r\{c)r]{X,u),r]{X,u)) 



Xa,fe(c)(7rA(c)??(A,n),r?(A,n)) + \Xa,b{c)f 

|Xa,6(c)P - |Xa,fe(c)|^ " |Xa,6(c)P + |Xa,6(c)|^ = 0. 



□ 



2.3 A C*-condition 

The aim of this section is to obtain a characterization of the C*-algebra C*{Hn) as a C*- 
algebra of operator fields ( |LeeH ILee2j ) . 
Let us first define a larger C*-algebra Tn- 

Definition 2.5. Let JF„ be the family consisting of all operator fields {F = F{X))xeR satis- 
fying the following conditions: 

1. -F(A) is a compact operator on L^(R") for every A G M*, 

2. F(0) G C*(R2), 

3. the mapping M* i?(L^(M"')) : A i-^ -^(A) is norm continuous, 

4. limA^oo||i^(A)||op = 0. 
Proposition 2.6. JF„ is a C* -algebra. 

Proof. The proof is straight forward. □ 

Proposition 2.7. The Fourier transform F : C*{Hn) — > J-n is an injective homomorphism. 

Proof. It is clear from the definition of F and Proposition 12.31 that F is a homomorphism 
with values in J^n- If F{c) = 0, then for each irreducible representation vr of C*{Hn), it{c) = 0. 
Hence c = 0. □ 



Lemma 2.8. Let ^ G ^(M^"). Then, for any A G M* 




where r]{X,u) is as in Definition \2.4\ the integral converging in L^(M"). 
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Proof. Let ^ G 5(M"). Then 

rj{X, a, b))r]{X, a, b){x)dadb 



1 vlffn 



(by Fourier's inversion formula) 



giving ^ = jxpr /iRn r?(A, a, 6))77(A, a, 6)dad6. 

Furthermore, since ^ is a Schwartz function, it follows that the mapping 



(a, 6) ^ (e,r/(A,a,6)) = jAj"/^ / e(5)e-2--r/(|A|i/2(, + 

is also a Schwartz function in the variables a, b. Hence the integral 
f^„y.^n{Cji]{X,a,b))r]{X,a,b)dadb converges in and hence also in L^(M"). 

□ 



Remark 2.9. By Lemma [2^ 

T^xif)^ = fi; / vrA(/)??(A, u){^, ry(A, u))du = [ -nx{f) o P^(x,u)Cdu 

|A|" jM.2n |A|" 7R2n 

for any / G C*{Hn), where Pri(\,u) is the orthogonal projection onto the one dimensional 
subspace C7/(A,n). 

Definition 2.10. For a vector 7^ r/ € L^(R"), we let be the orthogonal projection onto 

the one dimensional subspace Crj. 

Define for A G M* and h G C*(M^"') the linear operator 

(2.6) Mh) := / h{u)P^^x,u)T^- 

Proposition 2.11. 

1. For every A G M* and h G 5(M^") the integral 112. 6\) converges in operator norm. 

2. v\{h) is compact and ||^'a(^)||op < ll^llc*(M2'i). 

3. The mapping ux : C*(]R^") Tn is involutive, i.e. vx{h*) = i^x{h)*, h G C*(M^"), where 
by vx we denote also the extension of vx to C*(M^"). 

Proof. Since ||-P^(a,m) Hop = !l^(A,ti)||2 = l, we have that 

f - du f - du \\h\\i 

IWxWWo, = II j^^^ Mn)P,(A,„)^||op < j^^^ \h{u)\— = 

Hence the integral J^2n ^(^^)-P»7(a,m) mrr converges in operator norm for h G iS(M^"). 
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We compute iy\{h) applied to a Schwartz function ^ G <S(M"): 

du 



^xm{x) = I Hu){^,v{X,u))7i{\,u){x) 

7]R2n 



= L (I ^ ^""" '*) '"" '"^'^ + ^> W 

2/ i\ rt— \/ \ / b db 



(2.7) = / /i2(-,6)*(^ry;,_,)(x)r?;,(x + y 



A'|A|" 

(where 7]x,bis) := r/A(s + « ^ M") 
= 11 h^i^x- s,b)^{s)f}x{s + ^)r)x{x+^)-^ds 

= / / /i2(x-s,|A|^/2^)e(s)??(|A|^/2g + signA-6)77(|A|i/=^x + si gnA • b)dbds 

The kernel function hx{x,s) of z>'a(^) is in (S(R^") ii h e <S(M^"'). In particular z^a(^) is a 
compact operator and we have the following estimate for the Hilbert-Schmidt norm, || ■ \\h.Sj 
of vx{hy. 

IWxWfn.s = I / h'^{x-s,b)rjx{s + -)rixix + -)--—\'^dsdx 

< / \h^{x-s,X{b-x))\'^\rixis-x + b)\'^dbdxds 
\h^{x, X{b + s))\^\7jx{b)\'^dbdxds 
{x , \s)\'^ dxds < oo. 



/ 



/R2" 

Let us show that ||^'a(^)||op < Halloo- Indeed 

IWxmWl = / l / h\-,b)*{^r}x,,){x)vx{x + ^)^\'dx 
Jm JiRn A lAI'^ 



^ I I \h\-,b)*m,b){x)\'dbdx 

°" ^ ^ \ax)vxix + ^)\^dxdb 



l-^l" JR" JR" 

ll^ll^llClli- 



Let h e ^(R^"). Then h = h*. This gives 



□ 



Theorem 2.12. Let a G C*{Hn) and let A be the operator field A = F{a), i. e. 

A{X) =7rA(a),A G R*,A{0) = p{a) G C*(M2"). 

Then 

limP(A)-i.A(^(0))||op = 0. 

A — >U 

Proof. Let / G S{Hn), ^ G L2(M"), rj G 5(M"), \\r]\\2 = 1. Then by ^ and (HH) 
((7rA(/)-z^A(p(/))e)(x) = / f^^Hx-s,-^ix + s),X)as)ds 

f '3(3; _ s, b, 0)e(s)r/A(s + j)r]x{x + 
f ''(x - s, -^{x + s), X)vxmxmis)dbds 
P^^ix - s, A(6 - x), 0)^(s)?7a(s - X + b)r]xib)dbds. 
Let 

^za(x,&) = [ as)Vx{s-x + b){P''^{x-s,-^ix + s),X)-P'Hx-s,-^ix + s),0))ds, 
vx{x,b) = [ ^{s)fj^{s-x + b){P'^{x-s,-^{x + s),0)-p'^{x-s,X{b-x),0))ds 





1 ./TO" 



and 



wxix)= I I P'^ix-s,-^{x + s),X)C{s)T]xib)(ji^{b)-rj^{s-x + b))dbds. 




We have 

(2.8) {Mf)-iyx{p{m){^)= [ ux{x,b)vx{b)db+ [ vx{x,b)T]x{b)db + wx{x). 

Thus to prove ||7rA(/) — i^xip{f))\\op — > as A — > it is enough to show that ||nA||2 < ^All'Clb, 
II^^Alb < i^xUh and Wwxh < exUh, where 6x, tox, eA ^ as A ^ 0. 
We have 

PHx - s, -^{x + s)), A) - p^'ix - s, -^{x + s), 0) = A d^p'^x - s, -^{x + s)),tX)dt 
and 

P'\x - s, -^{x + s)), 0) - p'\x - s, Xib - x),0) =Xi^is-x)-is-x + b)) 

X / d2f'^{x-s,X{b-x)+t{X{-{s-x)-{s-x + b)),Q)dt. 
Jo 2 

Hence, since / G S{Hn), there exists a constant C > such that 

if'Hx - s, -^{x + s)), A) - p'\x -s,-^{x + s),0)\< |A|- ^ 



and 



iP'Hx - s, -^{x + s)),0) - p'^x - s, A(6 - x), 0)1 
< \X\{\\s-x + b\\ + \\s-xr ^ 



(1 + ||X-S||)4"+1 

for all A G M*, X, s G M". Therefore we see that 
hxWl = I \ux{x,h)\^dxdh 

- L (L I^(^)^a(^ - X + 6)||A| ^ ds) ' dxdb 

7l;3n (1 + ||X - S||)^ 

Similarly 

\\vx\\l = [ \vx{x,b)\''dxdb 



< [ if ms)vx{s-x + b)\\X\{\\s-x + b\\ 

^R"xR" VR" 



c 



+ \\s — x\ 

ds ] dbdx 



(1 + ||x - 

< C [ \^{s)rjxis -x + b)\^\X\\\\s -x + b\\ + \\s-x 
-dsdbdx 



(1 + \\x - s\\)^^+^ 

dsdbdx 



2 dsdbdx 



< 2C' f \^{s)\Xr/^r,{\X\^/^{s-x + b))W\\s-x + b\\ 

■/RSn 

< 2C'|A| / |{(5)|A|»/''ij(|A|i/2(5-i + 6))r- 



dsdbdx 



- «lh4n+l 



(1 + ||.T — S 

< C-'IAKII^II^ + IAIII^II^jllfB, 

for some constants C',C" > 0, where the function fj is defined by fj{s) := ||s||77(s), s G M 
Since r] G (S(]R"), we can use the same arguments to see that 

I^Alli = / \wxix)\^dx 

< f (f f m\m{bmr^'^'^'{\\s-x\\) ^ dbdsYdx 

< c'|Ar/^+7 ic(^)nr?A(6)i^ f ".^tSt? ^ c"\xr^'-''mlMi 

jRSn 1 + \\X - S\\'^^+^ 
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We have proved therefore ||vrA(/) — J^a(p(/))|| ^ as A — > for / E S{Hn). Since S{Hn) is 
dense in C*{Hn), the statement holds for any a £ C*{Hn)- 

□ 

Definition 2.13. For r] € 5(1^"") we define the linear mapping := v : C*(M^") — > Tn by 

v{K){\) = ux{h), A € M* and i'{h){0) = h. 
Proposition 2.14. The mapping u : C*{M?^) — > ^„ has the following properties: 

1. \\u\\ = 1. 

2. For every h,h' e C*(M2"), we have that 

hm \\i^x{h ■ h') - vx{h) o vx{h')\\op = 

A — ^0 

and also 

hm \\vx{h*)-vx{h)*\\o^ = Q. 

3. For {a,b) G R^n ^ C*(m2") we have that 

hm |[i/(/i)(A)77(A, a, 6) — h{a,b)r]{X,a,b)\\2 = 0. 

A — >0 

4. hmA^o = \\h\\oo- 

Proof. (1) follows from Proposition 12.111 

To prove (2) we take for h,h' G 5(M^") two elements /, /' G S{Hn), such that p{f) = 
h, plf) = h'. Then p{f * f) = h ■ h' and 



Wxih ■ h') - i^xih) o i'xih')\\op < 

+ 
< 

+ 
+ 



Wxih ■ h') - nxU * f')\\op 
Wx{h)oux{h')-7rx{f)o7rx{f')\\op 

Wx{h ■ h') - TTxif * f')\\op 

\\f\\c*{H„)\Wx{h) -vrA(/)||op 

I^IIc*{R2")II^a(/i') - 7rA(/')||op- 

Hence, by Theorem 12.121 limA^o \Wx{f * /') — ^x{f) ° '^a(/')IIop = 0. Furthermore 



\\Mh*)-uxih)*\\op < \Wx{h*)-TTx{f*)\\op + \Wx{hr -nxifTWop^O 

as A ^ 0. 

We conclude by the usual approximation argument. 

For assertion (3), using Propositions EH and Theorem EI21 it suffices to take for h G C*{R^''') 
an element c G C*{Hn), for which p{c) = h. 

The last statement follows from Proposition 12.111 and assertion (3). □ 

Definition 2.15. Let Du{Hn) be the subspace of the algebra Tn, consisting of all the fields 
{F{X))xeR S Tn, such that 

lim||F(A)-i.A(i^(0))||op = 0. 

A — >U 
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Our main theorem of this section is the following characterisation of C*{Hn). 

Theorem 2.16. The Heisenberg C* -algebra C*{Hn) is isomorphic to D^{Hn). 

Proof. First we show that D^{Hn) is a *-subalgebra of Indeed if F,F' G D^{Hn), then 

WMHO) + ^'(0)) - 7Tx{F + F')||op < ||z^A(i^(0)) - 7rA(F)||op + \WxiF'{0)) - 7rA(F')||op ^ 

as A — > 0. 

and since lim^^o \W\{F ■ F'{0)) - iy\{F{0)) o z^(F'(0))||op = it follows that 

||z.A(i^(0)-F'(0))-7rA(F-F')||op ^ 0. 

Proposition 12. 141 tells us that Diy(Hn) is also invariant under the involution *. 
In order to see that Dy{Hn) is closed, let F € J-n be contained in the closure of D^{Hn)- Let 
e > 0. Choose F' G Di,{Hn), such that ||F-F'||jr„ < e. In particular, ||F(0)-F'(0)||c*(r2) < e. 
Thus there exists Aq > 0, such that 

||^A(i^')-^A(i^'(0))||op <e 

for all |A| < |Ao|, whence 

||7rA(F) - vx{F{m\op = hx{F) - TTxiF') + 7rA(F') - z.a(F'(0)) + uxiF'iO)) - iyx{F{0))\\op 

< 3e, for |A[ < |Ao|. 

Hence Dy{Hn) is a C*-subalgebra of T^- 

Let /o := {F e -5^n,i^(0) = 0} and let /qo = {F <^ /o;limA^o ll^(A)||op = 0}. Then /q and 
/qo are closed two sided ideals of !Fn and it follows from the definition of !Fn that /qo is just 
the algebra Co(M*,/C). It is clear that Di,{Hn) n Iq = /qo- But Di,{Hn) n Iq is the kernel in 
D^{Hn) of the homomorphism Sq : J^n ^ C*(M2");F F(0). 

Since im(z^) C D^{Hn), the canonical projection D^{Hn) — > C*(M^") : F i— > F(0) is surjective 
and has the ideal /qo as its kernel. Thus D^{Hn)/Ioo = C*(M^") and therefore Dy{Hn) is an 
extension of /qo by C*(M^"). Moreover, 

Dy{Hn) = /oo + im(z^). 

Since for every irreducible representation vr of D^{Hn), we have either 7r(/oo) 7^ 0, and then 
TT = VTA for some A G M* or vr = on Iqq and then vr must be a character of C*{M?'^). Hence 
Dy{Hn) = Hn as sets. That topologies of these spaces agree follows from the equality 

lim ||r(/i)(A)||op = Moo, V/i G C*(m2"), 

A — >0 

which is due to Proposition 12.141 

By Theorem[2T2l F{S{Hn)) C D^{Hn). Hence the C*- algebra C*(F„) can be injected into 

Since D^{Hn) is a type I algebra and the dual spaces of Dy{Hn) and of C*{Hn) are the same, 
we have that F{C*{Hn)) is equal to Dy{Hn) by the Stone -Weierstrass theorem (see IE])- □ 
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Remark 2.17. Another characterisation of the C*-algebra C*{Hn) is given (without proof) 
in a short paper by Gorbachev [Gor] . For n = 1 and A G M* he defines an operator- valued 
measure ^\ on given on the product of two intervals [s,t] x [e,d] by ^\(\s,t\ x [e, d]) = 
PT'T FP^'^F~^ , where P*'* is the multiplication operator by the characteristic function of 
[t, s] on L2(M) and F is the Fourier transform on L'^(R). For / G Co(M^), A G M* let 

y(/)(A)= / fia,b)df,xia,b) 

and ?/(/)(0) = /. Gorbachev states that C*{Hi) is isomorphic to the C*-algebra of operator 
fields B = {B{X) = y{f){\) + a, A G M*, B{Q) = f,f e Co(M2), a G Co(M*, /C)}. 

2.4 Almost homomorphisms and Heisenberg property 

Definition 2.18. A bounded mapping r : C*(M^") Tn is called an almost homomorphism 
if 

lim \\Tx{ah + /?/) - arxih) - f3Tx{f)\\op = 0, 

A — ^0 

lim \\Tx{h ■ h') - Txih) o rA(/i')||op = 0, 

A — *0 

hm \\Tx{h*)-Tx{hy Wop = 0, a,/3 G C,/,/i G C*{R^^). 

A — ^0 

The mapping u from the previous section is an example of such almost homomorphism. 
Let r be an arbitrary almost homomorphism such that r(/)(0) = / for any / G C*(M^"). 
We define as before Dr{Hn) to be the subspace of the algebra J^n, consisting of all the fields 
F = {F{\))xm G J^n, such that 

lim||F(A)-r,(F(0))||op = 0. 

A — >{j 

Using the same arguments as the one in the proof of Theorem 12.161 one can easily prove the 
following 

Proposition 2.19. The subspace Dr{Hn) of the C* -algebra Tn is itself a C* -algebra. The 
algebra DT-{Hn) is an extension o/Co(M*,/C) by C*{M?"'), i.e., Co(M*,/C) is a closed *-ideal 
in Dr{Hn) such that L>^(i?„)/Co(M*, /C) is isomorphic to C*(R2"). 

Definition 2.20. We say that an almost homomorphism r : C*(M^"') Tn has the Heisen- 
berg property, if the C*-algebra DriHn) is isomorphic to C*{Hn). 

Remark 2.21. As for the mapping u we have that the dual spaces of D-j-^Hn) and of Hn 
coincides as sets. The necessary and the sufficient conditions for them to coincide as topological 
spaces is 

lim||rA(/i)||op = i|/i||oo, /iGC*(R"). 

A 

Remark 2.22. Using the notion of Busby invariant for a C*-algebra extension and the 
pullback algebra (liWj), one can show that any extension B d Tn oi Co(M*,/C) by C*(M?^) 
is isomorphic to DriHn) for some almost homomorphism r. The Busby invariant of such 
extension is b : C7*(M2n) ^ CbC^* , B{H))/CoiR* ,JC), K^) = + Co{R*,JC). 
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Question. 

What mappings r give us C*-algebras D-riHn), which are isomorphic to C*{Hn)'^ 

Using a procedure described in |De| one can construct famihes of C*-algebras of type Dr{Hn) 
which are isomorphic to Dy{Hn) and therefore to C* (-?/„). 

Next example shows that there is no topological obstacle for a C*-algebra of type Dr{Hn) 
to be non-isomorphic to C*{Hn). Namely, there is a C*-algebras Dr{Hn) with the spectrum 
equal to Hn and such that Dr{Hn) 9^ C*{Hn)- 

We recall first that if A, C are C*-algebras, then an extension of C by ^ is a short exact 
sequence 

(2.10) O^^Ae^C^O 

of C*-algebras. One says that the exact sequence splits if there is a cross-section *- 
homomorphism s : C ^ B such that (3 o s = Ic- 
It is known that the extension 

(2.11) ^ Co(M*,/C) ^ C*{Hn) C*(m2") ^ 

does not split (see ^ and references therein) while there exists a large number of splitting 
extensions B and therefore non-isomorphic to C*{Hn) such that B = Hn (see [De^ VII. 3. 4]). 
Here is a concrete example inspired by [Dej . 

Example 2.23. Let {^zlzez^n be an orthonormal basis of the Hilbert space L^(M"). Let 
Pz, Z E Z^", be the orthogonal projection onto the one-dimensional C^^. We define a homo- 
morphism u from C*(M^") to Tn by 

KV^)(A):= J2 0{\M'^^Z)Pz,XeR*,u{^m:=v, ^eC*{M.^^). 

We note that since for each A 7^ and each compact subset K C M^", the set {Z € 1?"^ : 
|A|^/^ G is finite and since (p G Co(M^"), one can easily see that v{lp){X) is compact. 
Moreover 

||Kv9)(A)||op= sup |(^(|Ali/2z)|. 

Since we can find for every vector u G M^" and A G M* a vector Zx G Z^", such that 
limA^o |A|^/^Za = we see that 

(2-12) lini ||j^a('^)||op = ||(^||oo = ||</'IIc*(m2")- 

3 The C*-algebra of the thread-hke Lie groups G^v 

For > 3, let qtv be the A^-dimensional real nilpotent Lie algebra with basis . . . 
and non-trivial Lie brackets 

The Lie algebra Bat is (A^ — l)-step nilpotent and is a semi-direct product of MXa? with the 
abelian ideal 



(3.13) ^ := ^^J- 
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Let 

bj :=span{Xi,i = 1, ■ ■ ■ ,j},l < j < N - 1. 

Note that 03 is the three dimensional Heisenberg Lie algebra. Let Gn := exp(g7v) be the 
associated connected, simply connected Lie group. Let also Bj := exp(bj) and B := exp(b). 
Then for 3 < M < iV we have Gm ^ Gn/Bn-m- 

3.1 The unitary dual of Gat 

In this section we describe the unitary irreducible representations of Gat up to a unitary 
equivalence. 

For ^ = '}2fj=i ^j-^j ^ 3*N^ coadjoint action is given by 

N-l 

Ad*(exp(-tXN))e = 5]pj(e,t)X*, 

j=l 

where, for 1 < j < N — 1, pj{S^,t) is a polynomial in t defined by 

k=0 

Moreover, if ^ for at least one 1 < J < — 2, then Ad*(GN)C is of dimension two, and 
Ad*(GN)C = { Ad*(exp(tXN))C + KX;j,t G M}. We shall always identify with via the 
mapping (^jv, • • • , ^1) —>■ Ylf=i ^j-^j ^^'^ subspace 1^ = S 0jv • ^Af = 0} with the dual 
space of b. For eV and t e M, let 

t-C = Ad*(exp(tXN))e 

(3.14) = (0, ^Tv-i - tCN-2 + ...+ , . . . , 6 - t6 , 6) • 
As in |AKLSSj , we define the function ^ on R by 

(3.15) m ■■= {t ■ = - tiN-2 + ...+ 

Then the mapping ,^ — > ^ is a linear isomorphism of V onto Pn-2, the space of real polynomials 
of degree at most N — 2. In particular, ^fc — > ^ coordinate-wise in y as /c — > 00 if and only 
if Cfc(t) — > 6.{t) for all t G M. Also, the mapping C ~* C intertwines the Ad*-action and 
translation in the following way: 

r^(s) = {s-{t- o)n-i 

= ((s + t) ■ = ^(s + t) 

ior ^ £V and s,t £R. 

By Kirillov's orbit picture of the dual space of a nilpotent Lie group, we can describe the 
irreducible unitary representations of Gjy in the following way (see [CGj for details). For any 
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non-constant polynomial p = i E Pn-2 we consider the induced representation tt^ = ind^x^, 
where Xi denotes the unitary character of the abelian group B defined by: 

xKexp(C/)) = e-2^^<^'^),i7Gb. 

Since b is abelian of codimension 1, it is a polarization at i and so tt^ is irreducible. Every 
infinite dimensional irreducible unitary representation of Gn arises in this manner up to 
equivalence. 

Let us describe the representation -iT(,i G b*, explicitly. The Hilbert space of the repre- 
sentation TTi is the space L'^{G]\f/B,xe) consisting of all measurable functions ^ : C, 
such that $,{gb) = Xeit>^^)Ci9) for all 6 G _B and all g E G outside some set of measure of 
Lebesgue measure and such that the function |^| is contained in L^{Gn /B). We can identify 
the space L'^{G]sr/B,xe) in an obvious way with L2(M) via the isomorphism U : ^ ^ where 
|(exp(sXiv)6) := X£ib~^)'nis) , s e'R,be B. Hence for g = exp(tXjv)6 and ^ G L^(R) we have 
an explicit expression for the operator 'Ki{g): 

(3.16) T^t{g)^{s) = i{g-^oMsXN)) 

= |(5-iexp((s - 

= |(exp((s - t)Xjv)(exp((t - s)X^)6-iexp((s - i)^iv))) 

= x^(exp((i - s)Xjv)6exp((s - t)Xjv))e(s - t) 

= g-27ri£(Ad(exp((t-s)XN)log(b))^|-^ _ S g 

We can parameterize the orbit space in the following way. First we have a decompo- 

sition 

N-2 

Q*n/Gn= U flV/GivU^*' 



where 



and where 



flV := G Q*j„l{Xi) = 0,z = 1, ■ ■ ■ , j - l,t{Xj) + 0} 



X* := {£ G 0^, i{X,) = 0, J = 1, ■ ■ ■ , iV - 2} 

denotes the characters of Gn- A character of the group Gat can be written as Xa,b,ci,b G M, 
where 

For any £ G g^-' , N — 2 > j > 1 there exists exactly one element £q in the Gjv-orbit of £, 
which satisfies the conditions 

£o{Xj) / 0,£o{Xj+i) = 0,eo{XN) = 0. 

We can thus parameterize the orbit space q'^/Gn, and hence also the dual space Gn, with 
the sets 

Ar-2 
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where := SnDq*^ = {£ e gV,^(Xfc) = 0, A: = 1, • • • , j - l,j + 1,£{X,) + 0}. Let 

ST ■■= U^^ 

be the family of points in Sn, whose GAr-orbits are of dimension 2. 
3.2 The topology of 

The topology of the dual space of Gat has been studied in detail in the papers [ALSj and 
[XKLSSJ based on the methods developed in [LRSj and We need the following description 
of the convergence of sequences {TTk)k of representations in Gn- 

Let {iTk)k be a sequence in Gn- It is said to be properly convergent if it is convergent and all 
cluster points are limits. It is known (see [LRSj ) that any convergent sequence has a properly 
convergent subsequence. 

Proposition 3.1. Suppose that (vTfc = vr^)^, {£k € 5'|^°, k gN) is a sequence in Gn that has 
a cluster point. Then there exists a subsequence, (also indexed by the symbol k for simplicity), 
called with perfect data such that {TTk)k is properly converging and such that the polynomials 
Pfc, A; E N, associated to iTk have the following properties: The polynomials pk have all the 
same degree d. Write 

d 

Pk{t) := Ck Hit - 4) = ik{t),te M,4 G V. 
i=i 

There exist < m < 2d, real sequences {t\)k o'^'^ polynomials qi of degree di < d, i = 1, ■ ■ ■ ,m, 
such that 

1. lim^^oo 

Pk{t + ) qi{t), t G M, 1 < i < m or equivalently limfc^oo ■ 4 ^ £\ where 
t in V such that t{t) = qi{t). 

2. limfc^oo |if ~'t\i\ = +00, for all i / i' G {1, • • • ,m}. 

3. If C = {i £ {1, ■ ■ ■ , m,} , f is a character } then for all i G C 

(a) limfc^oo \ti - flj I = +00 for all j £ {!, - ■ ■ , d}; 

(b) there exists an index j{i) G {!,••• such that \t^ — < 1^^^ — Ojl for all 
i G {I,-- - ,d}; let 

„k — i.A: k 1. 
Pi ■— ~ ""iCi)!' 

\t'^—a*^\ 

(c) there exists a subset L{i) C {1, • " " j"^}; such that limfc^oo ' k ^ exists in M for 

Pi 

every j G L{i) and such that lim^^oo ' ^. ^ = +oo for j ^ L{i); 

P i 

(d) the polynomials {t^ + sp^) -pk in t converge uniformly on compacta to the constants 

lim {t'i + sp'i) ■ pkit) =p\s),s£ M, 

fe— >oo 

and these constants define a real polynomial of degree i^L{i) in s. 
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(e) Ifi' ^ieC, then L{i) Ci L{i') = 0. 
4. Let D = {1, • • • , m} \ C and write := 1 for i G D. For i G D, let 

J{i) := {1 < i < d, lim \t\ - a - 1 = 00}. 

fc^oo 

Suppose that (tfc)fc is a real sequence, such that Imik^^tk ■ ^ i in g^, then 
(a) if £ is a non-character, then the sequence — |)fc is bounded for some i ^ C; 



(b) if i is a character, then lirrifc. 



and = qi{s)X^_^ for some s € M. 



exists for some i G C and some j G L{i) 



5. Take any real sequence {sk)k, such that Ivm.]^^^ \sk\ = +00, and such that for any i ^ D, 



j e -^(0; ^ 0, and for i€C, j ^ L{i), ^ and ^ ^ as A; ^ 00. Let 

m 

Sk := (U - Skptt'^ + Skp'l]); Tk:=R\ Sk, A: £ N. 

i=l 

Then for any sequence {tk)k, tk G Tk, we have t^ ■ h ^ co- 

We say that the sequence {sk)k is adapted to the sequence {Ik)- 

Proof. We may assume that {nkjk is properly convergent with Hmit set L. We can also assume, 
by passing to a subsequence, that each pk has degree d. By [L] the number of non-characters 
in L is finite. Let this subset of non-characters be denoted by L^'^^. If L^^" is non-empty by 
passing further to a subsequence we may assume the sequence (vr/c)^ converges v-times to each 
character a G L^^"" (see p. 34, [AKLSSj for the definition of m-convergence and p. 253 |ALSj ). 
Let s = X^o-gj^sen ia- Then there exist non-constant polynomials gi, . . . , of degree di < d, 
i = 1, . . . , s, and sequences {ti)k, • • • , {ts)k such that the conditions (1) and (2) are fulfilled 
and for each a € L^^" there are v equal polynomials amongst qi, . . . ,qs corresponding to a. 
Then if {tk)k is a real sequence such that • £fc ^ £, ^ is a non-character, then i corresponds 
to some o" G L^^*^ and we may assume that i = qi for some i G 1, . . . , s. It follows from the 
definition of v-convergence that the sequences {t^ ■ d-k) and {t^ ■ 1^) are not disjoint implying 

— if I is bounded and therefore (4a). 
If {T^k)k has a character as a limit point then passing if necessary to a subsequence we can 
find a maximal family of real sequences (if)^, I < s < m < d, constant polynomials qi, non- 
negative sequences (pf )fc and polynomials pi satisfying (1) — (4) (see Definition 6.4 and the 
discussion before in [ALS] ). 

The condition (5b) follows from the maximality of the family of sequences (tf )fc and the proof 
of Proposition 6.2, [ALS| . 

Suppose now that we have a sequence (tfc)fc such that t^. € for every k and such that 
some subsequence (also indexed by k for simplicity of notations) {tk ■ ik)k converges to an 
£ G 0*. By condition (5) then either for some i G D, the sequence {t^ — t^)k is bounded, i.e 
tk € [t^ — SkP^,t^ + SkP^] for k large enough, which is impossible, or we have an i G C, such 
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that limfc_ 



th—a^ 
_f 3 



exists for some j G L{i). But then 



Pi Pi Pi 



\ti-aj\ Pi Pi 

and so the sequence ( k^^ )k is bounded, i.e tk € [tf — Skp\-,t^ + -Sfcpf] C Sk for /c large 
enough, a contradiction. Hence hmfc • £fc = oo whenever ifc G for large k. 

□ 

Example 3.2. Let us consider the Heisenberg group G3. Then ^3 = ^3 U M^. Let G Sg. 
Then ^k = ^kXf, \k G K*. The associated polynomials are Pk{t) = —Xkt {d = 1, Cfc = —Xk, 
= 1). Assume that {£k) is a sequence with perfect data. Then cither vr^^ converges to vr^, 
^ G 5*3, or 7Ti^ converges to a character and in this case A^. ^ as A: ^ 00. We shall consider 
now the second case. So we have m = I and £^ = X| with the corresponding polynomial 
qi{t) = 1 and = —1/Xk and thus = l/|Afc|. The polynomial p^{s) is the limit 

lim pk{t^ + sp'l + t)= lim (-AA;)(-1/Afc + s/|Afc| + t)= lim (1 - signA^s - \kt). 

k—*oo fe— +00 A;— ►oo 

Since (ik) is a sequence with perfect data, the sign of Xk is constant, implying ^11(5) = 1 + es, 
where e = ±1. A real sequence (sk) is adapted to {£k) if and only if — > 00 and Sfc|Afe| 0. 

3.3 A C*-condition 

Let C*{Gn) be the full C*-algebra of Gjv that is the completion of the convolution algebra 
L^{Gn) with respect to the norm 

ll/llc*(G;v) = sup II / f{9)M9)dg\\op- 
eeSN -IGn 

Definition 3.3. Let / G L^{Gn)- Define the function on M x b* by 

P{s,t) := / /(s,?x)e-2"^^(l°s("»du,s G M,^ G b*. 
Jb 

We denote by LI{Gn) the space of functions / G L^{Gn), for which is contained in 
C^(M X b*), the space of compactly supported C°°-functions on M x b*. The subspace L].{Gn) 
is dense in L^{Gn) and hence in the full C*-algebra C*{Gn) of G^v- 

Proposition 3.4. Take f G L],{Gn) and let £ G S^". Then the operator TT({f) is a kernel 
operator with kernel function 

fi{s,t) = f\s-t,t-£),s,teR. 
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Proof. Indeed, for ^ G L'^(R),s G M, we have that 
Mmis) = [ f{g)M9)^dg 

JGn 

Jr Jb 

(3.17) = f f /(s-t,?))e-2"(A'^*(^^P(*^^)W(i°sW)e(i)t^Mi 

= [ f^{s -t,Ad*{exp{tXN{i))^{t)dt 
Jr 

= f f\s-t,t-i)mdt. 

JR 

□ 

Definition 3.5. Let c := span {Xi,,-- - ,XAr_2}. Then c is an abehan ideal of qn-, the 
algebra 0Ar/c is abelian and isomorphic to and C := exp(c) is an abelian closed normal 
subgroup of Gat. 
Let 

p = indg^l 

be the left regular representation of Gat on the Hilbert space L'^{Gn/C). Then the image 
p{C*{Gn)) is the C*-algebra of considered as algebra of convolution operators on L^(R^) 
and hence p{C*{Gn)) is isomorphic to the algebra Co(M^) of continuous functions vanishing 
at infinity on M?. As for the Heisenberg algebra we have that if / E L^{Gn) then the Fourier 
transform p(J){a, b) of p{f) G C*(M2) equals /(a, 6, 0, . . . , 0). 

Our aim is to realize the C*-algebra C*{Gn) as a C*-algebra of operator fields. 
Definition 3.6. For a G C*{Gn) we define the Fourier transform F{a) of a as operator field 
F{a) := {{A{e) := 7Te{a),£ e 5^,^(0) := p{a) G C*{M.^)}. 

Remark 3.7. We observe that the spaces Sj^,j = 1, ■ ■ ■ , N — 2, are Hausdorff spaces if we 
equip them with the topology of Gat. Indeed, let {ik)k be a sequence in Sj^, such that the 
sequence of representations {TTif,)k converges to some vr^ with i G Sj^. Then the numerical 
sequence (A^ := ik{Xk))k converges to A := i{Xj) / 0. Suppose now that the same sequence 
(tt^j.) converges to some other point vr^'. Then there exists a numerical sequence {tk)k such that 

Ad *(exp(tkXN))^k|i, converges to £'^^. In particular —Xktk = Ad *(exp(tkXN))^k(Xj+i) 
£'(Xj+i). Hence the sequence {tk)k converges to some t G M and vr^' = vr^. Similarly, we see 
from (j3.17p that for / G LKGn), the mapping i T^iif) is norm continuous when restricted 
to the sets Sj^,j = !,•■■ , N —2, since for the sequence {T^if.)k above, the functions fi^ converge 
in the L2-norm to f^. 

Definition 3.8. Define for t, s G M the selfadjoint projection operator on L^(M) given by 

Mt,si{x) := \t-s,t+s)ix)ax),x G M,e G L\R), 
where l(a,b)) a, 5 G M, denotes the characteristic function of the interval (a, b) C M. 
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We put for s G M 

Ms := Mo,,. 

More generally, for a measurable subset T C M, we let Mt be the multiplication operator 
with the characteristic function of the set T. For r G M, let U{r) be the unitary operator on 
L2(M) defined by 

U{r)^{s) := e(s + r),e G i^(M),s G M. 

Definition 3.9. Let {iTii,)k be a properly converging sequence in Gn with perfect data 
{{ti)k,{Pi),{4))- Let i € C and let t] G D(R") such that r? has -norm 1. Define for 
/of , A; G N, i G C, and u = (a, b) G the Schwartz function 



r?(i, k, u){s) := (^-^ J + Sfc6)e^-'"■^ s G M. 

By Example 13.2^ for = 3 we have 

77(1, k, u) = r^{±Sk\\k\s + + 6))e2™-. 
Let Pi,fc,M be the operator of rank one defined by 

PiAui ■■= {^,vihk,u))r,{i,k,u),^eL'^{R). 
Definition 3.10. For an element ip G 5(IR^) let 

k) := Sfc /iR2 <f{a, -b)Pi^k,udadb, /c G N, i G C. 
Then for tp G ^(M^),^ G ^^(M), s G M, we have that 

u{ip){i,k){S,){s) := Sk / ip{a,-b){Pi^k,ui){s)du 



J y >/ IR. \ P'i J , 



viskP' ( ^ ) + Skb)dbda 



Sk I I (p^{s- t, -b)(,{t)T]{skP' (^-^j + Skb)r]{skp' ^-^ ) + Skb)dtdb 



(3.18) = I I ^\s-t,--+f\^-^J)n{b) 

v{sk[p'[^^-p' (^^y^+b)mdtdb. 
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Since r] has L2-norm 1, using (j3.17p and (j3.18p we get 

{U{t>l) o vr,,(/) o U{-tf) o Ms, - HF{f){Om k) o M,,m{s) 

= r if f\s-t,it + t'^)-ek))-f\s-t,--+p'(^),o.. 

(3.19) W)r]isk {P\^)-P' (^)) + b)db)at)dt 



+ / { f^{s-t,{t + tf)-h)Hb) 

J-Sk Jm. 

m-visk (p' (^) -p' (^)) +b))dbmdt. 

Proposition 3.11. Let ip G C*{'E?), i £ C and k £N. Then 

1. the operator u[ip){i^k) is compact and \\ v (if) {i,k)\\ op < ||93||c*(]r2); 

2. we have that u[(p){i, k)* = z/((^*)(z, k); 

3. furthermore 

lim ||i/((^)(i,fc)o(I-M .)||op = 



and hence 

fc— »oo 

Proof. 1.) It suffices to prove this for ip G D(M^). We have that 



hm 11(1 - M.^^fe) o u{p){i, k) o M,^^fe||op = 0. 



W(.v)ihm\l = f\f [ ^\s-t,--)mv{skPH-^)+b)dtr^{skp'{^) + b)db\^ds 



{p\-, --) * {^ff^,)){sUskp\^) + b)db\Hs 



Sk Pi 

k' 



(where r?fe,6(t) := r]{skp'{-^) +b),t £ 

P 



< I \{p\-,--)*{m))is)\^dbds 



< 



Sk 



' ' m\'\v{skP\^) + b)\'dbdt 



Furthermore, since v{(p){i, k) is an integral of rank one operators, v{(p){i, k) must be compact. 
Hence for every ip G C*(M^), v{ip){i,k) is a compact operator bounded by 
2.) Let ip G 5(M2). Then ^ = ip* and so 



v{p){i,k)* = {sk I tp{u)Pi^k,udu)* = Sk <p{u)Pi^k,udu 
= Sk p*{u)Pi^k,udu = v{p*){i,k). 
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3.) Take now (p € 5(M^), such that has a compact support. We denote by [—Skp\-,Skp\Y 
the set M \ [-s^pf , SkP^]. By ([XTHIl for any ^ G ^^(M), s G M we have 

= I I p>Hs-t,--+p\^))W)visk{p\^)-p'{-^)) + b)dbmdt = 

J[-Skptskp'lY Pi Pi Pi 

since for k large enough (^^(s — t, — ^ = foi' any t G [— Sfc/of , Sfcpf J*^, 6 G supp(77), 

s G M. Hence i^{(p{i, k))o(I— M t) = for A; large enough. Since the mapping is continuous, 
it follows that limfc_oo - M „fc)||op = for ah (p G C*(M?) and every i G C. 

hHi 

Hence also 

lim 11(1 - M o u{^){i, k) o M .Hop 
= hm \\{M^^^kOu{^*){i,k)o{I-M^^^k)\\op 
< hm ||Kv'*)(i,A;)o(I-M,^^.)llop = 0. 

□ 

Definition 3.12. Let Let A = {A{e) G ]C{L^{R)),i G 5^^",^(0) G C*{R'^)) be a field 
of bounded operators. We say that A satisfies the generic condition if for every properly 
converging sequence with perfect data (vr^;,)^ C Gm and for every limit point 7r£i,i G D, and 
for every adapted real sequence {sk)k 

(3.20) lim \\U{t^) o A(4) o U{-t^) o Ms, - A(f ) o M,J|op = 0. 

fc— >oo 

A satisfies the character condition if for every properly converging sequence with perfect data 
(^£fc)fc) ^k £ 5'^^" and for every limit point ir^iji G C, and for every adapted real sequence 
(sfc)fc 

hm \\U{t^) o A(4) o U{-t^) o M,^^. - i^iAmii, k) o M,^^. ||op = 0. 

A satisfies the infinity condition, if for any properly converging sequence (vr^;,), 4 £ Sf^^, 
with perfect data we have that 

lim P(4)oMtJ|op = 0, 

fc— >oo 

where = M \ (IJi!Li[*f ~ ^kPijtf + s^Pi]), and that for every sequence (4)fc C 5*^", for 
which the sequence of orbits Gn ■ ^k goes to infinity we also have 

lim A(4) = 0. 

k^oo 

We can now define the operator field C*-algebra D^, which will be the image of the Fourier 
transform of C*(GAr). 

Definition 3.13. Let be the space of all bounded operator fields A = {A{i)) G 
/C(L2(M)),^ G Sf^'',A{0) G C*(]R2), such that A and the adjoint field A* satisfy the generic, 
the character and the infinity conditions. Let for A G D"^ 

PIU := sup{P(£)||op,P(0)||c.(M2):£G5r}- 
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It is clear that is a Banach space for the norm || • ||oo5 since the generic, the character and. 
the infinity conditions are stable for the sum, for scalar multiplication and limits of sequences 
of operator fields. 

Theorem 3.14. Let a G C*{Gm) and let A he the operator field defined by A = F{a) as in 
Definition \3.6[ Then A satisfies the generic, the character and the infinity conditions. 

Proof. For the infinity condition, it suffices to remark that for any / G LI(Gn), and k large 
enough, we have that /^(s — t,t ■ ik) = for every s £ W, t € and so 7r^j.(/) o -/Wr^ = 0. 
If Gjy ■ Ik goes to infinity in the orbit space, then M • is outside any given compact subset 
K d Q*j^ and so p{s — t,t ■ i^) = 0, s,t £ M. and hence T^e^if) = for A; large enough. Using 
the density argument, we see that the infinity condition is satisfied for every element in the 
Fourier transform of C*{Gn). 

For the generic condition, let {£k)k be a properly converging sequence in Sjy with perfect data. 
Take i £ D. Then for an adapted sequence {sk)k, f G L].{Gn) and ^ € s € M, we have 

that 

{U{t\) o vr.J/) o U{-t\) o M,, - 7r,.(/) o M,je(s) 
(3.21) = r (^f\s -t,it + ) • 4)) - f\s -t,t- f ))) at)dt. 

Let pk and qi be the polynomials corresponding to ik and t respectively, i.e., Pk{t) = ik{t) 

and qi{t) = t{t). Since lim —r — ^— r- — > 0, j € J{i), there exists R > such that (s — t,{t + 

k-*co \t1 - ajl 

■ 4) = {s - t,pk{t + tf), -p'},{t + tf), ...) is out of the support of P if t € [-Sk, Sk] and 
\t\ > R. In fact if t € [— Sfc, Sk] we have 

d 

\Pk{t+t'^)\ = \ckii{t+t'i-a^)\=\ck n I*' -41 n 17A— n 
^ i^^i n 11-^^1 n 

where bi is the leading coefficient of the polynomial qi, giving the statement. Thus by (j3.2ip 

(C/(tf ) o ^,^(/) o [/(-if) o Ms, - n,.if) o M,je(s) 
= I ^ (f (s -t,{t + ) • 4)) - Pis -t,t- f ))) 

for k large enough. It is clear now that U{tf) o vr^^ (/) o U (—tf) o Ms,. — tt^ (/) o Mg^. converges 

to with respect to the Hilbert-Schmidt norm and hence in the operator norm. 

Let a S C*{Gn). Then for any e > there exists / E L].{Gn) such that ||7r(/) — 7r(a)||op < 

11/ — a||c*(G]v) < ^ representation tt of C*{G]y). Thus for = 7r£(a), £ G 5^" we 

have 

||C/(if ) o yl(4) o Ui-tf) o M,, - ^(f ) o M,, Hop = II [/(tf) o (AUk) - TTi^if)) o U{-t^)\l^ 
+ \\U{t'l) o 7r4(/) o Ui-t^) o M,, - 7r,,(/) o M,J|op + ||(7r,>(/) - A(f ))||op ^ 0, 

and hence A satisfies the generic condition. 
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Choose now i G C. By (IXT9|) . for A; G N, s G R, ^ G L^{^)J G 



{ f\s-t,{t + tf) ■ 4)) - r (s - 1, — +p\^),o...,o) 



nibUskip^^) - p\^)) + b)db)mdt + 
Pi Pi 



( / p{s -t,{t+ 1\) ■ ik)Hb)m - v{sk{p\^) - p\\)) + b))db)mdt. 

-Sk Pi Pi 

In order to show that 

(3.22) \\U{t\) o o U{-t\) o M.^^u - u{FifiOmi, k) o M,^^.|| ^ 0, ^ oo, 

consider 

'^''Pi ^ ^ h f 



qik,i){s,b) = / (r(5-t,(t + if)-4))-r(5-t, +p\^),0...,0)) 



■2t„ + ^+ , ^ _^^ #2,_ , 

V{sk[p\^)-P\^)) + b))mdt = uik,i)+vik,i), 
Pi Pi 



where 



/SkPi 
if is - t,pk{t + t^), -p'.it + t^), ...)- f\s - t,pk{t + ), 0, . . .)) 
"SkPi 

v{sk{p'{^)-p\-^)) + b)mdt, 
Pi Pi 

/SkP^ U + 
' {p{s - t,pj,{t + tf), 0, . . .) - P{s - t, +P\^),0 . ■ .)) 
-SkPi Pi 

riisk{p\^)-p'i-^)) + b))mdt. 
Pi Pi 



and let 



Sk 



w{k,z){s)= I I (/ Pis-t,{t + t^)-ek))vmv{b)-v{skip\^)-p\-^)) + b))dbmdt. 
JuJ-sk Jr Pi Pi 

Our aim is to prove that for p{s, b) = 1kxsupp(»?) (•5) b) 

(3.23) Mk,i)ph < uJkm\2, \\v{k,i)p\\2 < 4.||el|2 and ||w;(A:, i)||2 < rkW^lk 

with Wfc, Tfc as k — > oo. This wih imply 




iqik,i)is,b)Ub)db\'ds < |k(fc,^)||^||r?||2 < iiVk + SkYWrn 
which together with ||tt>(A;, f) ||2 < J^fcHCIb will give (j3.22p . 
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To see this we note first that since ^^'^ if j ^ we have that for \t\ < Skpf 



\Pkit + tl)\ = \ckll(t + t'^-a';)\ = \ckl[\tl-a'j\ H 



+11 n 



1)1 



for some cr > 0. Thus for large k there exists i? > such that /^(s — t,pk{t + t^), —p']^{t + 
),...) = and - + i-),0, ...) = if |t| < SkPi and |t| > iJpf. Hence the 

integration over the interval [—Sk,Sk] can be replaced by the integration over [—Rpf,Rp'y] in 
the expression for u{k,i), v{k,i)p and w{k,i). Since / G L].{Gm) we have that 

\f\s-t,pk{t+t1), 0, . . .)-/2(^_^^^^(^)_l^o^ _ _ _)| < c'|pfe(i+i,^)-p*(4) + -|:r ^ 



for some constant C > and m € N, m > 2 . This gives 



Sk l + \t- s\ 



\\v{k,i)p\\l = C 



^Pi ■ s ■ t 

viskip\-)-p'{-) + b) 

-RpI Pi Pi 

m 



-dt 



dsdb 



< '4 1 



Pi Pi 



m 



{b + Sk{jp\^)-p\-))- 

Pi Pi 1 + 1* - s| 



-dt 



dsdb 



+3C 
+3C 



t 



Pi Pi Pi l + K 



-dt 



<9if f 

si Jr2 J_ 



Rpt 



t 



^{t)r^{sk{p\-)-p\-))+h){jp\^) -p\ )) ^ 
Pi Pi Pi Pi ^ + \t 



-dt 



dsdb 



dsdb 



RPi 

(where rj{b) = br]{b)) 

Rp'l 



^{t)fj{sk{p\^)-p\\)) + b) 
Pi Pi 



1 



l + |i-s| 



-dtdsdb 



-Rpf 
1 



S \ 4 / t \\ . 1 \ / / ■ ■ ±k\ 'i / ^ 



l + \t- si"* 
Rpt 



mri{sk{p\^) - p\-k)) + b){pk{t + t!l) - p\-^)) 
Pi Pi Pi 

-dtdsdb 



+ 




/E2 J-Rp'l 
1 

l + \t-s\ 



^{tUsk{p\^) -p\^))+b){p\^)-p\^)) 

Pi Pi Pi Pi 



-dtdsdb 



26 



4 J-R 

+ cMl / / \m\ 

Jm. J-Rp'l 



Pi Pi 



l + |i-s| 



As Pk{tPi + tf) — P^{t) converges to uniformly on each compact, 



[ mPi)f\Pk{tpf + ii)-p'{t)fp^dt < nUWl 

J-R 

with rfe — as A; ^ oo. Moreover, — = — ]^ y^'^Knfc)'^'^ — some finite 



Pi Pi Pi I P; 

number of polynomials ai, fii which do not depend on k. Thus 



JVLJ-Rp^ 



Rpf 



PI Pi 



1 



l + \t- si"* 

2 



dtds 
1 



l + \t-s\ 



-dtds 



< 



Jt\2 



J-Rp^ 



dt < 



[pi? J-Rp1 (pi 
for a properly chosen m. It follows now that 

\\v{k,i)p\\2<dkm2 

for some Sk ^ as k ^ oo. 
For w{k,i) we have 



\w{k,i)\\' 



l-Rp^ Jr 



f'{s-t,{t + t1)-£kHb) 



m-ri{su{p\^)-p\^))+h))mdhdt 
Pi Pi 



ds 




1 



l-Rpk^ Pi Pi ^ + \t-s\ 



ds 



< 



1 



r ftiPi B f 

JRJ-Rp^ Pi Pi l + \t-s\ 



-\m\dt 
-imi'dtds 



for some constant C. Then using the previous arguments we get 

D_sl 

{P\ 



As ^ — ^ we get the desired inequality for w{k,i). 

Pi 
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To prove the inequality for u{k,i) we have as in the previous case that 

\p{s - t,pk{t + tf), -p'kit + ), . . .) - P{s - t,Pk{t + ), 0, . . .)! 

N-2 



n=l ' 



for some constant C > and m G N, m > 2; here p^^^ denotes the n-th derivative of p^. For 
n = 1 we have 

\p',{t + tf)\ = \c, Uit^ - ai)\ Hi-J— + 1)1 < 4 (4 + 1)'" 

j I ^k) jjii h - flfc Pi \Pi J 

for some constant a > 0. Similar inequalities hold for higher order derivatives p^^\t + t^) 
which show that 

||M(fc,i)||2 = 

= / 1/ (f\s-t,pk{t + t^),-p'k{t + tf),...)-f{s-t,pk{t + t^),0,---)) 

JR2 J-Rp';; 

V{sk{p'{^)-p'{^))+bmt)dt\''dbds 

Pi Pi 

< / 1/ ' g(E \vt\i^i\)ff' \ ^ u .^ ^{su{p\\)-p\\))+h))imfdhds 

Pi Jr'' J-Rp'^ \PiJ i + l*-sr Pi Pi 

< ^Mimi 

Pi 

for a polynomial p. Thus wc get the required inequality for u{k, i) and hence 

lim ||f/(i*^)o7r4(/)oC/(-tf)oM .-Ki^(/(0)))(z,A;)oM .llop = 0. 

To show now that the character condition holds for the fields A G C*{Gn) we use again the 
density of Lj(Gjv) in C*{Gn)- 

□ 

Corollary 3.15. Let {i^i^)k be a properly converging sequence in Gn with perfect data 
{{t^)k, {Pi), (sf)). Let i e C. Then for every (p,il) e C*(M?) we have that 

\im \\i^{ip)(i,k) oiy('il;)(i,k) - L'{(p'4}){i,k)\\op = 0. 
Proof. Indeed, if we take first ip,ijj in «S(M^), then we can choose f,g & S{Gn), such that 



28 



p{f) = p{g) = V' aiid so, by Proposition 13.111 and Theorem 13.141 



< 

+ 
< 

+ 
+ 
< 

+ 
+ 
+ 
+ 



lop 



v{i,k){Lp) ov{i,k){'4)) - v{i,k){ipil))\\op 
{u{i,k){ip) ov{i,k){^) - v{i,k){ip'4})) oM^^^ft||op 
k){^) o k){ij) - v(i, k){ipi,)) o (I - M,^^ 
{u{i,k){ip) o u{i,k){^) 

-{U{t'i) o ne,{f) o U{-t1)) o {U{tt) o vr4(5) o U{-t^,))) o M,^^.||op 

(^(tf)ovr,,(/*5)o[/(-tf 

fc)(v3) o /c)(V') - k){ipip)) o (I - 

- {U{t^) o vr4(/) o )) o (I - M^^^,) o uii, km o M,^^. „op 

k){ip) - ) o vr,, (/) o )) o M,^^. o o M,^^. ||op 

o ° ° ^)(^) - mt'^) o TTe.ig) o Ui-t'l)) o M,^^. ||op 

(^(tf ) o vr^ (/ * 5) o ) - uiz, k)[^ij)) o M,^^. 



i^(i,A:)((^V)) o^^sfepf Hop 



op 



sfcpf Hop 



oo. 



k){^) o /c)(V') - k){^i))) o (I - M^^^.)||op ^ as /c 
The usual density condition shows that the statement holds for all ifj ^ C*{M?') 



□ 



Theorem 3.16. The space D*j^ is a C* - 
iV G N,A^ > 3. 



ra, which is isomorphic with C*{Gn) for every 



Proof. Let us first show that D'^ is a C*-algebra. We prove first that D'^ is closed under 
multiplication. Let A = {A{£),£ G Sn) and B = (B{£),i £ Sn) satisfy the generic condition 
and let (vr£j,)fc C Gat be a properly convergent sequence with perfect data such that for every 
limit point vr^i, i S D, and for every adapted real sequence {sk)k the fields A, B satisfy (j3.20p . 
Then 



o Aiik) o B{ik) o Ui-t'i) o Ms, - A{e) o Bin ° ^.Jlop 
< \\{U{tf) o ^(4) o U{-tf) o Ms, - A{e) o Ms,) o U{t\) o B{£k) o [/(-tf) o M 



Sk nop 



+ P(f ) o Ms, o {U{t1) o B{lk) o U{-tt) o M,, - Bit) o M.JIlop 
+ o A{lk) o ) o (I - M,J o ) o 5(4) o C/(-tf ) o Ms, - Bit) o 

+ \\A{t)o{l-Ms,)oB{t)oMs,\\op 
+ ||f/(tf ) o A(4) o Ui-t^) o (I - Af,J o Bin o M 



Sft nop- 



I op 



Since B{t) is compact and I — Ms, converges to strongly, || (I — Ms, ) o ||op — ^ giving 
that the product A{i) o B{i) satisfies the generic condition. 

To see that the character condition is closed under multiplication we argue as before, but use 
11(1 — M k) o i/((^)(i, k) o M k Hop — > which is due to Propsition 13.111 
The infinity condition is clearly closed under multiplication of fields. 

By Theorem 13.141 the Fourier transform F maps C*{Gn) into D'^ Let us show that the 
FourierF is also onto. By the Stone- Weerstrass approximation theorem, we must only prove 
that the dual space of L*^ is the same as the dual space of C* (Gat) . We proceed by induction on 
iV. If = 3, then Gn is the Heisenberg group and the statement follows from Theorem 12. 161 
Let TT G D*j^. 
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Let for M = 3, • • • — 1, Rm : D^j be the restriction map, i.e. denote by qm ■ Qn 

Qn I^N-M ~ 9m the quotient map and by q\j : q\j ~ ^n-m ~^ SiV transpose. Then for an 
operator field A £ D*j^ we define the operator field Rm{-A) over by: 

RM{A){i) := A{qi,{I)U e Sf^ . 

It follows from the definition of D*j^ that the image of Rm is contained in D\^. Hence Rm is 
a homomorphism of C*-algebras, whose kernel Im is the ideal 

I^ = {A(^ D*j^, A{1) = for ah ^ G ^at n bjf_M}- 

Let Qm ■ C*{Gn) C*{Gm) — C*{Gn / Bn-m) be the canonical projection. Then the kernel 
of this projection is the ideal Jm '■= {a. € C*{GN)]T^i{o) = 0,£ G Sn H b]!^_j^,j}. Let us write 
Fm for the Fourier transform G*{Gm) ^m- With these notations we have the formula 

(3.24) RM{FN{a)) = FM{a modulo Jm), a £ G*{Gn). 

Since by the induction hypothesis = Fm{G*{Gm)) for every 3<M<A^ — Iwe see from 
(|3.24p that RM{FN{G*{G]\f))) = Fm{C*{Gm)) = F)\i and so the mapping Rm is surjective 
for such an M. Hence D*j^/Im — G*{Gm)- We have also In-i ^ In-2 C . . . C 13. 
If 7r(/7v-i) = {0} then vr e G^i C (hi. 

Suppose now that 7r(/Ar_i) / {0}. Let us show that In-i — Co(5jl^, /C(-L^(M))). It is clear from 
the definition of that Co(S']^, /C(L2(M))) c I?^ and so is contained in In-i- It suffices to 
show now that In-i C Co(S'^, /C(L^(M))). For that it is enough to see that for any element 
A in In-1 and any sequence {ik)k in Sj^ for which either (vr^^.) converges to infinity or to a 
representation vr^ with i Sj^, we have that lim^ ||^(£fc)||op = 0. This follows from the infinity 
condition in the first case. In the second case no limit point of the sequence (vr^j,) is in S^j 
by Remark l3.7i It suffices to show then that lim^ ||74(£fc)||op = for every subsequence with 
perfect data (also indexed by k for simplicity of notation). We have with the notations of l3.12l 
that for A; € N 

Aitk) = A{ek) o Ms, + Ailk) o Mt,. 
where 5^ = Uiit^ - Skp'l, t\ + SkP^), Tk = R\Sk. 

Since A{i) = for every vr^ in the limit set of the sequence (vr^j,)^, the generic and the character 
conditions say that 

hm \\U{t'l) o A{£k) o U{t'l) o M,^^. Hop = 0. 

Hence 

limp(4)oM,. .||op = 

k ' ■ 

and since also 

lim p(4) o MtJIop = 

k 

it follows that limfcP(4)||op = 0. Hence In^i C Go{Slf,JC{L'^{R))) and so In-i = 
Co(5j^, /C(L^(M))). Finally vr|/^_^ is evaluation in some point i £ S^j and so vr € Gjy- This 
finishes the proof of the theorem. 

□ 
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